In this paper we consider the usefulness of alternative measures of convergence in an equality of opportunity framework. In particular we use established results from the public finance and mobility literature to show that a form of -convergence is both a necessary and sufficient condition for a reduction in inequality of opportunity for a wide range of popular inequality measures. We illustrate our approach using regional data from the United States, Japan, and Europe.
Introduction
The traditional approach to measuring cross-country income convergence involved regressing the growth rate of income on initial income to examine whether or not poor countries grew faster than richer countries (e.g. Barro and Sala-i-Martin, 1992; Sala-i-Martin 1996a) . This approach has been the subject of much debate and has been criticized by many. At a fundamental level a number of authors, including Friedman (1992) , Quah (1996) , and Cannon and Duck (2000) , argue that by itself, faster growth among poor countries, or -convergence as it has become known, tells us little about the evolution of incomes. Friedman (1992) , quoting Hotelling (1933) , argues that 'the real test of a tendency towards convergence would be in showing a constant decline in the variance . . . among individual enterprises.' In the growth literature this type of convergence has become known as -convergence. 1 For a recent discussion of the relationship between these two types of convergence, see Furceri (2005) . 2 Other critics of traditional growth regressions include Quah (1996) , who argues that the speed of convergence estimated from growth regressions may simply reflect small-sample biases. However, he later acknowledges that the degree of precision reported in standard growth regressions casts doubt on this explanation. Lee et al. (1997) discuss the econometric problems that arise when using growth regressions to estimate the structural parameters of a growth model. Although important, this issue is distinct from the question addressed in our paper.
However, all of this debate has focused on the distribution of final outcomes. A number of economists have argued that greater emphasis should be placed on opportunities rather than observed outcomes (e.g. Fleurbay, 1995; Roemer, 1998 Roemer, , 2006 . The equal-opportunity framework stresses the link between the opportunities available to an agent and the initial conditions which are inherited or beyond the control of these agents. For countries or regions one may be interested in knowing to what extent future opportunities are determined by initial income levels. Proponents of equality of opportunity accept inequality of outcomes that arise from choice or shocks that are independent of initial conditions.
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The question that we address in this paper is whether growth regressions can contribute in a meaningful way to studies that focus, not on the evolution of realized outcomes, but rather on the equality of opportunity across regions. We show that appropriate consideration of nonlinearities in the growth process is not only desirable when documenting the evolution of income over time but is also an essential component of a coherent equal-opportunity based framework. In particular, we use established results from the public finance and mobility literature to show that a form of -convergence is both a necessary and sufficient condition for a reduction in inequality of opportunity for a wide range of popular inequality measures. We also show that this approach can be extended to facilitate welfare comparisons in ways that are not possible using some of the alternative convergence concepts that have been proposed. We examine the implications of our findings for a number of regional data sets previously examined in the growth literature.
2. Progressivity, growth, and equality of opportunity Fields and Ok (2001) provide a comprehensive survey of the growing literature on the meaning and measurement of income mobility. A considerable portion of this literature has focused on the use of transition probabilities to measure mobility. A transition probability, M T ðxjyÞ, specifies the probability that a country with income y today will have at most income x at time T. In the growth literature associated transition matrices are almost always presented as descriptive tools for understanding the evolution of observed incomes over time (e.g. Quah, 1993) . However, in his survey of welfare theoretic approaches to the measurement of mobility, Maasoumi notes that 'Mobility in any social hierarchy is an indication of opportunity' (Maasoumi, 1998, p.1) . Benabou and Ok argue that many people care about mobility 'not because income movements are intrinsically valuable, but primarily because of the hope that it helps attenuate the effects of disparities in initial endowments on future income prospects' (Benabou and Ok, 2001, p.2) . This view is common in welfarist studies of mobility, which tend to associate the originindependence principle used when measuring economic mobility with the notion of equality of opportunity. Benabou and Ok thus define a 'process [as opportunity] equalising when it leads to ex-ante income prospects that are more evenly distributed than initial incomes or endowments' (Benabou and Ok, 2001, p.6) . To study equality of opportunity they abstract from agents' aversion to risk and summarize future opportunities using conditional expectations. 4 In particular the opportunity set available at time T to an agent with current income y is summarized by e T ðyÞ, the expected income at time T given initial income y. Formally:
Given this framework they derive conditions on transition matrices by which a mobility process can be characterized as opportunity-equalizing, as well as establishing criteria to determine if one process is more equalizing than another.
While Benabou and Ok (2001) characterize future opportunities using the underlying transition process, M, it is relatively straightforward to recast their results in terms of the underlying growth process. We adopt a general formulation in which regions draw a specific growth path from a set of possibilities summarized by G i ð:Þ. This set of possible growth paths is in turn determined by the regions's initial income draw. 5 The potential incomes available to region i at time T can then be summarized by the random variable
0 is the random variable summarizing initial incomes and G i ðY i 0 Þ reflects the growth opportunities available to region i.
Some regions make choices that, ex post, lead to high growth rates; other regions make choices that are not so good. However, what matters in an equal-opportunity framework is the set of choices available to a region at time 0. Assuming that the choice of growth path is only constrained by initial income, ex-ante income prospects can be summarized using conditional expectations. Let 4 This is discussed in more detail in their paper. For a general discussion of the issues that arise when evaluating opportunity sets see Sen (1985) . 5 Extending the model to allow for circumstances where the choice of the growth path is constrained by factors that are not captured by initial income requires a multi-dimensional approach which is not considered in the current paper.
we consider only monotone growth processes, such that for any y 1 ; y 2 with y 2 > y 1 then gðy 2 Þ > gðy 1 Þ. This implies e T ðy 2 Þ > e T ðy 1 Þ.
Writing the model in this way allows us to draw close parallels between the income convergence literature and the public economics literature on tax/benefit progressivity (see Lambert, 1993 Atkinson (1970) showed that if the Lorenz curve (L(p)) for one distribution lies everywhere below the Lorenz curve for another then inequality in the first distribution will be higher.
6 This is true for a range of popular inequality measures, including the variance, the coefficient of variation and the Gini coefficient. The following theorem establishes the conditions needed on gðy 0 Þ in order for the distribution of opportunities to Lorenz dominate the distribution of initial incomes. Proof The proof of this theorem is a simple application of the Jakobsson-Fellman theorem (see Lambert, 1993) . See Appendix.
Theorem 1 states that progressivity is both a necessary and sufficient condition for Lorenz dominance of the opportunity set. The fact that progressivity is necessary warrants further discussion. If our only concern was whether the distribution of opportunities derived from a particular realization of initial incomes Lorenz dominated the initial income distribution, then progressivity, although sufficient, would not be necessary. Theorem 1 however, shows that if we want Lorenz dominance with respect to all possible initial income distributions that could have been realized then progressivity of the growth process is not only sufficient but is also necessary. This allows us to move beyond evaluating the growth process only in terms of realized distributions and to consider it in the context of initial distributions that could have been realized had circumstances been different at the start of the process. 
Progressivity, growth, and welfare
While the focus of this paper is on inequality of opportunity our framework also allows us to characterize the welfare properties of growth processes. To see this let UðeðyÞÞ denote the utility accruing to a region with opportunities summarized by e(y). We assume U 0 ðeÞ > 0. Following an established tradition in public economics define social welfare as the average utility across initial income levels. That is
where f(y) is the distribution of initial incomes. 7 Although restrictions such as risk neutrality, the failure to model inequality within a region, the focus on final period opportunities and the specific choice of welfare function limits the nature of the welfare comparisons that can be provided by this approach, it is still instructive to show precisely how the nature of the growth process can impact on welfare comparisons within an equality of opportunity framework. The following theorem compares the change in welfare arising from the observed process with the change in welfare that would arise from an equal-yield proportional growth process i.e. a proportional growth process that generates the same overall level of opportunity as the observed process: 8 Theorem 2 A monotone growth process increases welfare more than an equal yield proportional growth process applied to the same pre-growth income distribution for all strictly concave U and for all possible initial income distributions if and only if the growth process is progressive.
Proof See Appendix.
Theorem 2 states that progression in the growth process, over the entire range of income, is a necessary and sufficient condition for the resulting distribution of opportunities to welfare dominate both the initial distribution of opportunities and the subsequent distribution of opportunities that could have been derived from an equal-yield proportional growth process.
It is important to recognize the importance of progressive growth in these welfare comparisons. It is possible for the process to be monotonic, for mean income to rise and for inequality (as defined by the variance or Gini coefficient of opportunities) to fall and yet for Generalised Lorenz curves to cross so that unambiguous welfare rankings are not possible. In order to make unanimous welfare comparisons across distributions of opportunities it matters how the reduction in inequality is generated, and the necessary restrictions are captured by our measure of progressivity. 
Progressive growth and b-convergence
The above analysis shows how progressivity in the growth process can be used to facilitate inequality and welfare comparisons in an equality of opportunity framework. We now establish the relationship between progressivity in the growth process and measures of -convergence derived from a traditional growth regression. To determine the progressivity of the growth process we need to establish whether d gðy 0 Þ=y 0 À Á =dy 0 0 for all y 0 . Since d gðy 0 Þ=y 0 À Á =dy 0 0 for all y 0 if and only if d gðy 0 Þ=y 0 À Á =d lnðy 0 Þ 0 for all y 0 ; we can use the latter characterization of progressivity as a basis for our tests. The obvious approach to follow in this instance is simply to use a flexible form estimator which regresses observed growth rates on the log of initial income:
where " i T is a realization of a mean zero error term. Progressivity of the growth process requires dmðln y 0 Þ=d ln y 0 0 everywhere. Therefore our proposed test for progressivity is nothing more than a negativity condition on the slope of a nonparametric cross-sectional growth-initial level regression. If we use the fact that ðg i ðy 0 Þ=y 0 Þ % ln y i T À ln y i 0 we can rewrite equation (5) as:
Equation (6) is simply a flexible form growth regression. Thus the progressivity requirements needed for inequality and welfare comparisons in an equality of opportunity framework can be stated in terms of the -convergence estimates obtained from a flexible specification of a growth regression. This highlights a potentially important role for non-linear growth regressions that extends beyond their ability to distinguish between competing theories of growth or their usefulness in summarising the evolution of realized outcomes.
Empirical application
In this section we illustrate our approach using regional data sets taken from Barro and Sala-i-Martin (1995) . These data correspond to those used by Sala-i-Martin (1996b) to study regional cohesion. Sala-i-Martin estimated linear growth regressions for the regions of the United States, Japan, and Europe. In order to apply Theorems 1 and 2 however we must allow for possible nonlinearities. To do this we extend Sala-i-Martin's empirical analysis by estimating flexible non-parametric growth equations for each of these data sets. In particular we estimate the following flexible form growth equation:
In each case we use the Nadaraya-Watson kernel estimator to obtain a flexible estimate of m½lnðy 0 Þ. For the estimates presented in this paper we use a Gaussian kernel to weight the data and choose bandwidths using the least squares crossvalidation approach, though similar results were obtained using different kernels and a range of bandwidths. The dates for which the analysis is conducted depend on data availability and differ across data sets. The data for the US refer to real annual personal income per capita for each of the 48 contiguous states from 1900-90. The Japanese data measure real per capita income between 1955 and 1990 for the 47 prefectures. Finally the European data measure GDP per capita in each of 90 regions of Europe from 1950-90, covering Germany (11 regions), United Kingdom (11 regions), Italy (20 regions), France (21 regions), The Netherlands (four regions), Belgium (three regions), Denmark (three regions), and Spain (17 regions).
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The nonparametric estimates, m½lnðy 0 Þ; for the US states, the Japanese prefectures, and the European regions are given in Fig. 1-3 respectively. The confidence bands reported in these figures were constructed by applying the Bonferroni correction to bootstrapped pointwise intervals (see Hardle, 1990) . Our principal concern is the extent to which the growth process exhibits progression or regression over the income range; equivalently the extent to which the slope of m½lnðy 0 Þ is -i-Martin (1996b) the European GDP figures are expressed as deviations from country specific means. Thus the estimated growth process we present for Europe should be interpreted as a common, within-country growth process. More details on these data are available in Barro and Sala-iMartin (1995 Figures 1-3 show that all the regional growth processes exhibit progressivity over almost all of their respective income ranges. Indeed the only evidence of regressive growth for these data occurs among high income Japanese prefectures. However, even then the confidence bands are such that we cannot rule out progressive growth over this income range. Combining these estimates with the theoretical results in Theorem 1 we can thus conclude that, for a wide range of popular inequality measures, there is less inequality in the opportunities afforded by the observed regional growth processes than was evident in the initial distribution of incomes. However, the implications of Theorem 1 go further and state that inequality of opportunity would have fallen no matter what the realized distribution of initial incomes had been. Since average income has also risen over this time period we can also conclude that, within the welfare framework specified in earlier, the distribution of opportunities available today within each of these regions welfare dominates that available at the start of the period.
Finally it is interesting to compare our non-parametric results on regions to earlier work using cross-country data sets (e.g. Liu and Stengos, 1999; Kalaitzidakis et al. 2000; Okada, 2006) . The cross-country analysis tends to find strong evidence of nonlinear growth processes which is consistent with the multiple-regime equilibrium view advocated by Durlauf and Johnson (1995) . This is in contrast to our results for regional convergence. To understand the differences between the regional and cross-country analysis we note that the multiple steady state models (e.g. Azariadis and Drazen, 1990 ) often invoke thresholds in physical or human capital which limit the diffusion of technology across countries. This produces multiple steady states and gives rise to nonlinear growth patterns. The linear model on the other hand is consistent with a single-steady state equilibrium without threshold externalities. Our findings suggest that barriers to technology diffusion may be less evident in regional data sets than in the crosscountry data, so that even the relatively poor regions are able to benefit from technology spillovers in a way that relatively poor countries are not.
Conclusion
Cross-section regressions in which growth rates are regressed on initial values are widespread in growth economics. These regressions have been criticized on the grounds that they do not fully incorporate the range of restrictions imposed by alternative growth models and for failing to provide much insight into the evolution of income distributions over time. Accepting these criticisms, our paper draws on similarities between the convergence literature and the tax progressivity literature in public economics to show that appropriately specified growth regressions may, nevertheless, facilitate inequality and welfare comparisons in an equalopportunity framework that are not possible with alternative measures of convergence. We illustrate this using regional data for the US, Japan, and Europe.
The growth processes estimated are consistent with a single equilibrium linear model yielding unambiguous reductions in inequality of opportunity and welfare improvements in each of the regions considered.
